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Abstract

We investigate incomplete search algorithms in
a search space constrained by a dominance cri-
terion. We propose a new genetic algorithm for
the Multiple Knapsack Problem (MKP) which
searches a space of candidates which are not
dominated according to a dominance criterion.
We compare the new algorithm to previous
heuristics for the MKP, as well as alternative
algorithms, and show experimentally that our
new algorithm yields the best performance on
difficult instances where item weights and prof-
its are highly correlated.

1 Introduction

Symmetry and dominance constraints are related, gen-
eral techniques for eliminating redundant (or subopti-
mal) portions of the search space for constraint satis-
faction and combinatorial optimization problems. These
techniques have been used successfully in recent years to
significantly enhance the performance of complete (ex-
act) constraint satisfaction and combinatorial optimiza-
tion solvers.1 However, symmetry and dominance have
not yet been shown to be particularly useful for incom-
plete solvers. It has been observed that symmetry break-
ing constraints can create local minima which are difficult
to escape [Prestwich and Roli, 2005], and in fact, it has
been observed that increasing symmetry can improve lo-
cal search performance in some cases [Prestwich, 2002].

In this paper, we propose the use of dominance as the
basis for incomplete algorithms for the Multiple Knapsack
Problem (MKP), which is the classical combinatorial opti-
mization problem of assigning (packing) objects of various
weights and values (profits) to a set of containers (bins)
of various capacities, in order to maximize the total profit
of the items assigned to the containers. We investigate a
class of incomplete algorithms which are constrained to
search only the parts of the search space which are not
dominated according to a particular dominance criterion.

1The relationship between dominance and symmetry is dis-
cussed in [Prestwich and Beck, 2004].

In particular, we propose a genetic algorithm specially de-
signed to search the undominated candidate solutions. We
experimentally compare our algorithm with previous in-
complete approaches for the MKP, and show that it signif-
icantly outperforms previous algorithms on hard, bench-
mark instances where item weights and profits are highly
correlated.

The rest of this paper is organized as follows. We
first survey incomplete approaches for the MKP, includ-
ing adaptations of some algorithms from the related, bin-
packing literature. Next, we describe a dominance cri-
terion for the MKP, and a framework for implementing
incomplete algorithms for the MKP which only searches
undominated candidate solutions according to this dom-
inance criterion. We then present experimental results
comparing our approach with other incomplete algorithms
for the MKP.

2 The Multiple Knapsack Problem

Consider m containers (bins) with capacities c1, ..., cm,
and a set of n items, where each item has a weight
w1, ..., wn and profit p1, ..., pn. Packing the items in the
containers to maximize the total profit of the items, such
that the sum of the item weights in each container does
not exceed the container’s capacity, and each item is as-
signed to at most one container is the 0-1 Multiple Knap-
sack Problem, or MKP.

For example, suppose we have two bins with capacities
c1 = 10, c2 = 7, and four items with weights 9,7,6,1 and
profits 3,3,7,5. The optimal solution to this MKP instance
is to assign items 1 and 4 to bin 1, and item 3 to bin 2,
giving us a total profit of 15. Thus, the MKP is a natural
generalization of the classical 0-1 Knapsack Problem to
multiple containers.

The MKP has many applications, including continuous
double-call auctions [Kalagnanam et al., 2001], multipro-
cessor scheduling [Labbé et al., 2003], vehicle/container
loading [Eilon and Christofides, 1971], and the assignment
of files to storage devices in order to maximize the num-
ber of files stored in the fastest storage devices [Labbé et
al., 2003]. A special case of the MKP where the profits
of the items are equal to their weights, i.e., pj = wj for
all j is the Multiple Subset-Sum Problem (MSSP). The



MKP (including the special case of the MSSP) is strongly
NP-complete.2

3 Incomplete algorithms for the MKP

This section gives an overview of incomplete approaches
for the MKP. An important concept through the rest of
this paper is the efficiency of an item i, defined as pi/wi,
the ratio of its profit to its weight. Efficiency is a key
concept in MKP heuristics because intuitively, it is usually
desirable to pack the more efficient items and not use the
least efficient items.

First-Fit Decreasing Efficiency Heuristic (FFDE) is a
simple heuristic which is based on the well-known First-
Fit Decreasing heuristic for bin packing [Coffman et al.,
1996]. The items are sorted in decreasing order of ef-
ficiency (i.e., p1/w1 ≥ p2/w2, .., ≥ pn/wn), and the bins
are sorted in increasing order of capacity (i.e., c1 ≤ c2... ≤
cm). A “first-fit” heuristic is applied, where we loop over
each (sorted) item, and for each item, we loop over each
(sorted) bin, and the item is placed in the first bin with
sufficient remaining capacity to hold the item (if any such
bin exists).

MTHM (Martello-Toth Heuristic Method) is a heuris-
tic for the MKP [Martello and Toth, 1981]. As with
the FFDE heuristic described above, the items are sorted
in increasing order of efficiency, and the bins are sorted
in decreasing order of capacity. First, the items are
greedily assigned to the knapsack. This greedy phase
is followed by two improvement phases: (1) items are
exchanged among knapsacks in order to allow the in-
sertion of additional items, and (2) included items are
swapped with non-included items in order to improve the
score. Further details are in [Martello and Toth, 1981;
1990]. In our experiments, we used Martello and Toth’s
Fortran implementation for the MTHM.

The current state-of-the-art algorithm for large MKP
instances is Pisinger’s Mulknap algorithm [Pisinger, 1999].
Mulknap is a complex branch-and-bound algorithm,
which applies sophisticated upper-bounding and lower-
bounding techniques at every node, in addition to prob-
lem reduction and bin capacity tightening. See [Pisinger,
1999] for details. Mulknap is an exact algorithm – given
enough time, it is eventually guaranteed to return the op-
timal solution to a MKP instance. However, the time
required for a Mulknap run to terminate may be too long
for a difficult problem instance. Thus, in this paper, we
run all algorithms (including Mulknap) with a time limit,
and return the best solution found by the time limit.

Several genetic algorithms have been investigated for
the MKP. The most straightforward class of evolution-
ary approaches to the MKP uses a direct encoding,
where a candidate solution is represented is a vector
B = (b1, ..., bn), where the i-th element represents the
bin to which the i-th item is assigned. This basic map-
ping may be enhanced with local improvement or repair

2The single-container 0-1 Knapsack problem is only weakly
NP-complete, and can be solved in pseudopolynomial time us-
ing dynamic programming.

phases [Raidl and Kodydek, 1998]. Previous work in both
the MKP [Raidl, 1999] and bin-packing [Reeves, 1996;
Falkenauer, 1996] has shown that this approach is not
competitive with other approaches described below, and
we have confirmed this with our own experiments on the
MKP with various direct encoding variants.

Raidl proposed a Weight-Coded GA (WCGA) for the
MKP. Each individual is a vector of modifiers M =
(m1, m2, ..., mn).3 The WCGA is a type of order-based
representation where the chromosome encodes the order
in which a packing heuristic (which Raidl calls a decoder),
such as the First-Fit heuristic, packs items into bins.
Items are sorted (ordered) according to a modified effi-
ciency (e.g., the sort key for an item i can be set by multi-
plying the efficiency of the item (pi/wi) by the item mod-
ifier mi specified in the chromosome. See [Raidl, 1999]
for the details of weight generation. We implemented the
WCGA as described in [Raidl, 1999].

3.1 Grouping Genetic Algorithm (GGA)
Falkenauer proposed the Grouping GA (GGA) for the
bin packing problem [Falkenauer, 1994]. We describe a
straightforward adaptation of the GGA for the MKP in
some detail, since this is the basis for our UGGA algo-
rithm.

A bin assignment g = {i1, ..., ik} is a set of all the items
that are assigned to a given bin. A valid solution to a
MKP instance is a set of bin assignments, where each item
appears in at most one bin assignment. A bin assignment
is feasible with respect to a given bin capacity c if the
sum of its item weights does not exceed c. Otherwise,
the bin assignment is infeasible. A feasible solution is a
candidate solution for the MKP where all bin assignments
are feasible.

In a GGA, each individual consists of a list of groups
{g1, g2, ..., gm}, where the j-th group is a bin assignment
representing the set of items assigned to the j-th bin
(1 ≤ j ≤ m). In other words, this is a direct representa-
tion of a set of bin assignments, where the genetic opera-
tors (crossover and mutation) are specialized in order to
directly manipulate groups (bin assignments). The GGA
searches the space of feasible solutions. The crossover and
mutation operators are designed such that at each step,
every bin assignment in every individual is a feasible bin
assignment.

The GGA crossover operator exchanges a set of corre-
sponding bins (of the same size) between two individuals.
After the exchange of bins, each individual may have mul-
tiple instances of items (i.e., items that are simultaneously
assigned to two bins). If there are any duplicates, the in-
stance which was newly introduced to the genome via the
bin exchange is kept, and the other instances are removed
(because the purpose of the crossover is to move coherent
bins from one individual to another). Then, FFDE is exe-
cuted in order to fill any empty spaces created by the bin
exchange and subsequent duplicate removal. Our GGA

3Raidl called these modifiers “weights”, but we renamed
them in order avoid confusion with item weights.



crossover is a uniform crossover: each bin is marked for
exchange with probability pc.

For example, consider a MKP instance with 3 bins and
13 items labeled with indices from a, b, c, ..., m. Let P1 =
{(a, b, c), (d, e, f), (g, h, i), (j, k)} be one parent, where the
first bin contains items with indices a, b, c the second bin
contains the items with indices d, e, f , and so on. Let
P2 = {(a, d, i), (b, c, g), (e, f, k), (j, h)} be the other parent
(the items are assigned to different bins). The items l, m
are not assigned to either parent. The uniform crossover
determines whether to cross each bin with probability pc.
Assume that the second and fourth bins are marked for
crossover.

If we cross bins 2 and 4, the resulting two children
are: C1 = {(a, b, c), (b, c, g), (g, h, i), (j, h)} and C2 =
{(a, d, i), (d, e, f), (e, f, k), (j, k)} Items b, c, g, h, appear
twice in C1. We remove duplicate items, keeping the in-
stances which arrived as a result of the bin exchange. This
leaves us with C1 = {(a), (b, c, g), (h, i), (j, h)}, We then
apply the FFDE heuristic, in order to fill any remaining
space in C1 using some subset of items d, e, f, k, l, m, n.

The GGA mutation operator iterates through the bins
of an individual GGA genome. Each bin is selected for
mutation with probability pm. Then, all of the selected
bins are cleared (emptied), and then FFDE is applied in
order to refill the bins.

4 Dominance in Incomplete Algorithms
for the MKP

A dominance relation between search states s1 and s2 in
a combinatorial optimization problem is used to establish
that no extension of the dominated state has a solution of
better quality than the best extension of the dominating
state. Thus, if s2 dominates s1, it suffices to search exten-
sions of s2 and discard extensions of s1, without discarding
the optimal solution [Ibaraki, 1977]. We now describe a
dominance condition for the MKP, proposed in [Fukunaga
and Korf, 2007].

We say that a bin assignment S is maximal with re-
spect to capacity c if S is feasible, and adding any of the
remaining items would make it infeasible. A feasible bin
assignment F1 dominates another feasible assignment F2

if the value of the optimal solution which can be obtained
by assigning F1 to a bin is no worse than the value of the
optimal solution that can be obtained by assigning F2 to
the same bin.

Consider an MKP instance where we have a bin of ca-
pacity 100, and three items i1, i2, i3 with weights w1 =
96, w2 = 4, w3 = 3 and profits p1 = 90, p2 = 10, p3 = 8.
Assume that there are some other bins and items, and
that no other item has weight less than or equal to 4.
One feasible, candidate bin assignment for the bin of ca-
pacity 100 is F1 = {i1, i2}. Another feasible candidate
bin assignment is F2 = {i1, i3}. Finally, another feasi-
ble candidate bin assignment is F3 = {i1}. Note that F1

and F2 are maximal, feasible assignments; F3 is feasible
but non-maximal. Clearly, F3 is dominated by both F1

and F2. Leaving wasted space where an additional item

can be packed can never improve upon a solution that
fills the wasted space. In other words, non-maximal bin
assignments are always dominated. Similarly, regardless
of what the other remaining items and bins are, the best
solution that can be obtained using F2 is no better than
the best solution that can be obtained using F1, so F1

dominates F2.
A formal criterion for dominance which generalizes

these examples is the following:

Proposition 1 (MKP Dominance Criterion) Let A
and B be two assignments that are feasible with respect to
capacity c. A dominates B if B can be partitioned into
i subsets B1, ..., Bi such that each subset Bk is mapped
one-to-one to (but not necessarily onto) ak, an element of
A, and for all k ≤ i, (1) the weight of ak is greater than
or equal the sum of the item weights of the items in Bk,
and (2) the profit of item ak is greater than or equal to
the sum of the profits of the items in Bk.[Fukunaga and
Korf, 2007]

This dominance criterion is based on the Martello-Toth
dominance criterion for the bin packing problem [Martello
and Toth, 1990]. The MKP dominance criterion was orig-
inally proposed to prune search nodes in a branch-and-
bound algorithm, and previous work has shown how the
dominance combination, in combination with related sym-
metry detection techniques, results in a state-of-the-art
MKP solver for a class of difficult MKP instances [Fuku-
naga, 2008]. We now show that this dominance criterion
can be quite effective in an incomplete search algorithm.

4.1 “Hybrid” Grouping Genetic Algorithm
(HGGA)

First, we describe an algorithm from the bin-packing liter-
ature which makes partial use of the Martello-Toth dom-
inance criterion [Martello and Toth, 1990]. [Falkenauer,
1996] proposed a “Hybrid Grouping GA” (HGGA) for the
bin packing problem, which extended his previous Group-
ing GA (GGA) for bin packing (see above for an adap-
tation for the MKP).The HGGA exploits Martello and
Toth’s dominance criterion for the bin packing problem
[Martello and Toth, 1990], similar to the MKP dominance
criterion described above. We describe our adaptation of
the HGGA to the MKP.

As described in the previous section, the crossover and
mutation operators for GGA involve reinserting objects
using a FFDE heuristic. In both the crossover and muta-
tion operators, prior to reinserting objects using FFDE,
the HGGA applies the following local optimization: Iter-
ate over each bin, and attempt to replace the bin with a
bin assignment of cardinality D or less which dominates
the current bin assignment according to criterion 1 (after
experimenting with D = 2 D = 3, we found that D=3
performed slightly better). Then, the FFDE heuristic is
applied in order to fill any remaining spaces.4

4We also implemented a scheme closer to Falkenauer’s al-
gorithm, which repeatedly applied the local optimization until
no further improvements can be made. However, this led to
worse results on the MKP.



This is a limited approach to exploiting dominance:
while a single pass of the local optimization can replace a
bin assignment A with another bin assignment A′ which
dominates A, A′ in turn might be dominated by some
other bin assignment A′′. Furthermore, looking for a bin
assignment which dominates a bin assignment A can be
quite expensive – in the worst case, if A is an undominated
assignment, we must show that there is no subset of the
remaining elements of cardinality ≤ D which dominates
A. This involves an expensive, backtracking-based enu-
meration of the possible candidate bin assignments which
could dominate A.

5 The Undominated Grouping Genetic
Algorithm (UGGA)

We now present the Undominated Grouping Genetic Algo-
rithm (UGGA), a novel, genetic algorithm which fully ex-
ploits the dominance criteria described above. The main
feature of the UGGA is that each step, every group (bin
assignment) in every individual is undominated (accord-
ing to Criterion 1), and the genetic operators (mutation,
crossover, and individual initialization) are guaranteed
to generate individuals consisting only of undominated
bin assignments. The representation of individuals is the
same group-based representation as the GGA.

First, we generate a population of individuals. Then,
we execute a steady-state genetic algorithm, where at each
generation, we select two parents and mate them (using
the reproduction operators described below) to generate
two children, which are then evaluated for fitness. The
children are inserted into the population, replacing the
two worst members of the population. The score of the
best individual generated in the entire run is stored and
returned at the end of the UGGA run. The key opera-
tions (initialization, crossover, mutation) are detailed be-
low, but first, we describe a method for generating only
undominated bin assignments, which is required by these
genetic operators.

5.1 Generating Undominated Bin
Assignments

A key component of the UGGA is a method for generat-
ing an undominated bin assignment, given a bin and a set
of available items as input. One obvious approach is to
generate all feasible bin assignments, then apply pairwise
dominance tests to eliminate the dominated assignments
until we find an assignment which is not dominated by any
remaining assignment. This is impractical, since the num-
ber of feasible assignments is exponential in the number
of remaining items, and the memory and time required to
generate and store all assignments would be prohibitive.
FillUndominated is a randomized algorithm (based on

the deterministic algorithm described in [Fukunaga and
Korf, 2007]), which generates an undominated bin assign-
ment using only linear space. Given n elements and a
container capacity c, the feasible bin assignments are the
subsets of the n elements, the sum of whose weights do not
exceed c. We can enumerate all feasible bin assignments

by recursively traversing a binary tree of depth n, where
the left branch represents including an item, and the right
branch represents excluding the item. A parameter repre-
senting the remaining capacity of the bin is incrementally
computed and passed down the tree.

Now, we further extend the algorithm to generate only
the undominated, feasible bin assignments. Suppose that
we have a feasible bin assignment A whose sum of weights
is t, and whose sum of profits is p. The excluded items are
all items that are not in A. A set (bin assignment) A will
be dominated according to Criterion 1 if and only if it
contains any subset s ⊂ A whose weight sum is less than
or equal to the weight of an excluded item x, and the
profit of x is greater than or equal to the sum of profits of
the items in s, such that replacing the subset with x will
not exceed the bin capacity c.

Therefore, to check if A is undominated, we enumer-
ate each possible subset of its items, and for each subset
s ⊂ A, we compare it against each excluded item x to
verify that we cannot replace the subset with x (where
the weight of x is greater than or equal to the sum of the
weights in s) to obtain a feasible bin with equivalent or
higher profit. If A passes this verification, it is undomi-
nated.

As soon as we find an undominated bin assignment,
we can terminate the algorithm and return the assign-
ment. This algorithm generates feasible bin assignments
and immediately tests them for dominance, so it never
stores multiple dominated bin assignments. Furthermore,
the dominance test is done by comparing the included
elements to excluded elements, and does not involve any
comparison between a candidate bin assignment and previ-
ously generated bin assignments. Therefore, the memory
required for dominance testing is linear in the number of
items.

The algorithm described above is deterministic, so given
a set of n items and a bin capacity c, this algorithm will al-
ways return the same undominated bin assignment. This
is undesirable because we can get stuck in a local op-
timum. Therefore, when generating the feasible assign-
ments, we randomize the order in which the items are con-
sidered during the backtracking generation of feasible as-
signments. The resulting randomized backtracking algo-
rithm is equally likely to generate any of the undominated
assignments (for a particular bin and set of items). Our
use of a dynamic, dominance detection technique to re-
strict search to undominated states is related to dynamic
symmetry checking techniques such as symmetry detec-
tion by dominance detection (SBDD) [Fahle et al., 2001;
Focacci and Milano, 2001].

5.2 Individual creation and reproduction
Given the randomized, FillUndominated algorithm de-
scribed above, it is now possible to detail the key genetic
operators of the UGGA.

The initialization operator creates a new individual dur-
ing population creation. A new individual with empty
bin assignments is created. We iterate over each bin in



increasing order of bin capacity, and each bin is filled by
calling FillUndominated.

Reproduction is implemented in the UGGA as follows.
We select two parents using rank-based selection [Whitley,
1989]. Two children are created by copying the parents.
Then, the crossover operator described below is applied.
After the crossover, the mutation operator described be-
low is applied.

The crossover operation is a uniform crossover opera-
tion which exchanges the contents of corresponding bins
between two individuals, where each bin is crossed with
probability pc. After the exchange of bins, each individ-
ual may have multiple instances of items (i.e., items that
are simultaneously assigned to two bins). If there are any
duplicates, the instance which was newly introduced to
the genome via the bin exchange is kept (similar to the
policy in the crossover operator for the GGA). The bins
which contain the redundant copies of the items are then
marked, and emptied (all items assigned to those bins are
unassigned). We then iterate over the marked bins in or-
der of increasing capacity, and fill the bin with an undom-
inated bin assignment by calling the FillUndominated.

The mutation operator iterates over each bin, and with
probability pm, marks the bin. Then, all of the marked
bins are simultaneously emptied. Finally, we iterate over
the marked bins in order of decreasing capacity, and fill
the bin with an undominated bin assignment by calling
FillUndominated.

5.3 Other Incomplete Search Algorithms
Using the Dominance Criterion

In order to isolate the role of the dominance criteria in fo-
cusing search, we also implemented Random-Undominated

(RandUnd), a simple algorithm based on the individual
initialization for the UGGA. Given an initial set of items
and bins, Random-Undominated clears all of the bins, and
repeatedly calls FillUndominated on all bins (in order of
decreasing capacity) to generate an undominated, candi-
date solution. Since FillUndominated is randomized, we
repeat this procedure until time runs out. This algorithm
therefore samples the space of undominated candidate so-
lutions – the only heuristic guidance used is that small
bins are filled first. As shown below, it turns out that
this simple procedure is surprisingly powerful for some
problems.
Random-Undominated is an extremely simple, incom-

plete algorithm for exploring the space of undominated
bin assignments for the MKP. We also explored several
variants of local search and simulated annealing in the
space of undominated bin assignments, which iteratively
replace one or more bins at a time using FillUndominated
and uses various deterministic and probabilistic criteria to
decide whether or not to accept moves which worsen the
score. So far, we have not found a variant which is com-
petitive with the UGGA, and a more extensive effort to
develop a local search algorithm in this search space is
future work.

The dominance criterion used in the UGGA was orig-
inally developed for bin completion, a complete, branch-

and-bound algorithm [Fukunaga and Korf, 2007]. Thus,
another natural baseline algorithm, is to execute the com-
plete, bin-completion algorithm, returning the best solu-
tion found by the time of the deadline. We call this the
Truncated Bin-Completion (TruncBC) strategy.

6 Experimental Results
We experimentally evaluated the heuristics and evolution-
ary algorithms described in the previous sections using
three classes of benchmarks which are frequently used in
the MKP literature [Kellerer et al., 2004; Martello and
Toth, 1990].

• strongly correlated instances. where the wj are uni-
formly distributed in [min,max] and pj = wj+(max−
min)/10 (in other words, for each item, its weight and
profit are strongly correlated).

• multiple subset-sum instances where the wj are uni-
formly distributed in [min, max] and pj = wj , and

• weakly correlated instances, where the wj are uni-
formly distributed in [min,max] and the pj are ran-
domly distributed in [wj − (max − min)/10, wj +
(max − min)/10] such that pj ≥ 1.

The first m − 1 bin capacities ci were uniformly
distributed in [0.4

∑n
j=1 wj/m, 0.6

∑n
j=1 wj/m] for i =

1, ..., m − 1. The last bin capacity cm is chosen as

cm = 0.5
∑n

j=1 wj −
∑m−1

i=1 ci to ensure that the sum of
the capacities is half of the total weight sum. Degenerate
instances were discarded as in [Pisinger, 1999]. We used
items with weights in the range [1,10000].

In our experiments, we focus on problems that are
known to be hard for the state of the art algorithm, Mulk-
nap. Pisinger has shown that Mulknap can optimally
solve problems with tens of thousands of items and few
(up to O(1)) bins within seconds [Pisinger, 1999]. How-
ever, when the ratio of items to bins is approximately
2-5, problem instances become extremely difficult for all
known solvers. For example, Mulknap can not solve in-
stances with 15 bins and 45 items within given a 10 minute
time limit [Fukunaga and Korf, 2007]. This is similar
to the existence of “phase transitions” in other problems
such as satisfiability testing [Mitchell et al., 1992]. We
therefore focused on instances with 300 items and 100
bins. We have similar results on a range of problem sizes
where the ratio of items to bins is 3, ranging from 30 items
and 10 bins to 300 items and 100 bins; due to space, we
only show the largest instances.

Each algorithm was run on each instance 10 times with
a different random seed. Each run was given a 180 second
time limit. All runs were executed on a 2.4 GHz Intel
Core2 Duo (all of the code used in the experiments was
single-threaded and only used a single core). All of the al-
gorithms we implemented (FFDE, WCGA, GGA, HGGA,
UGGA, RandUnd, TruncBC) were implemented using the
CMUCL Common Lisp compiler. We used Martello and
Toth’s Fortran implementation of MTHM and Pisinger’s
C implementation of Mulknap. The FFDE and MTHM
heuristics both terminated almost immediately (less than



0.1 seconds) on all instances. Mulknap will terminate as
soon as it verifies that it has found an optimal solution
(by exhausting the branch-and-bound search tree). How-
ever, on all of the instances tested in this paper, Mulknap
did not terminate before the full time limit expired.

We ran the algorithms on a set of 4 strongly corre-
lated MKP instances, 4 instances of weakly correlated in-
stances, and 4 instances of multiple subset-sum instances.

After running some preliminary experiments to tune the
control parameters (population, mutation rate, crossover
rate), we compared the MKP heuristics and evolutionary
algorithms on our benchmark instances. The parameters
for the WCGA are the same as in [Raidl, 1999] (the mu-
tation rate is 3/(number of items) = 0.01). Note that the
uniform crossover probability is interpreted differently in
the WCGA than in the GGA variants.

The results are shown in Table 1. We mainly compared
the scores obtained by each of the algorithms on each in-
stance. The final score of an algorithm is the total profit
achieved by the best candidate solution generated during
the entire run of the algorithm (i.e., the fitness value of the
best-so-far individual). For each algorithm, Table 1 shows
the mean and standard deviation (σ) of the final scores
attained by the algorithm. We also show the final score
of the worst and best runs of each algorithm on that prob-
lem instance. The “pop”, “cross”, and “mut” columns
indicate the population size, crossover rate, and mutation
rate, respectively for the genetic algorithms. The “indi-
viduals” columns show the average number of individuals
generated by mating or randomized generation. Local op-
timization steps (such those taken by GGA, HGGA, and
UGGA) are not counted in this statistic. This statistic is
indicative of both: (a) the cost per “step” in various al-
gorithms, and (b) the amount of effort expended for local
optimization relative to the GA. For example, the “indi-
viduals” columns for the HGGA indicate that the HGGA
spends most of its time executing local optimization,

The new UGGA significantly outperformed all other
algorithms for strongly correlated and multiple subset-
sum benchmarks. Furthermore, its performance is very
stable – for every strongly correlated and multiple subset-
sum problem instance, the final score for the worst run of
UGGA was better (higher) than the final score of the best
run on any of the other algorithms.

On the other hand, the UGGA performed poorly on
the weakly correlated instances (significantly worse than
the WCGA and GGA). The Weight-Coded GA performed
significantly better than all other algorithms on weakly
correlated instances, and second only to the UGGA on the
strongly correlated and multiple subset-sum instances.

As an additional experiment, we ran UGGA and our im-
plementation of WCGA on the instances used in [Raidl,
1999],which originally proposed the WCGA for the MKP.
This is a set of 21 problems with n between 30-200, and
m between 3-80. For each item, j, the weight wj is uni-
formly distributed, and the profit pj was in the range
[0.8wj , 1.2wj]. Thus, all of Raidl’s instances are similar to
the weakly correlated class of instances used in the previ-
ous experiment described above. The WCGA performed

identically to the results in [Raidl, 1999],achieving the
same gap relative to an LP upper bound using roughly
the same resources (evaluations). As with the weakly cor-
related instances, the UGGA results were poor on these
instances, and significantly underperformed the WCGA
on all instances.

A possible explanation for the poor performance of the
UGGA and HGGA on weakly correlated instances is that
the dominance test does not adequately reduce the search
space when the item weights and profits are less corre-
lated. Establishing that some bin assignment A domi-
nates another bin assignment A′ according to Criterion
1 requires both the weights and profits of A′ to be pack-
able in the weights and profits of A. This occurs more
frequently when item weights and profits are correlated
(in other words, the probability that a given feasible bin
assignment A dominates another assignment A′ is higher
for correlated instances than for uncorrelated instances).
Thus, the set of all undominated bin assignments is rel-
atively larger for weakly correlated instances compared
with strongly correlated instances. In this case, there is
insufficient advantage to searching the space of undomi-
nated assignments, particularly given the large overhead
required in order to guarantee that we are only generat-
ing undominated solutions. As shown in Table 1 UGGA
generates significantly fewer solutions as GGA, given the
same time limit, so unless the dominance criterion suffi-
ciently limits the search space, it may be better not to use
dominance at all.

The behavior of Random-Undominated (Ran-
dUnd) somewhat confirms this explanation.
Random-Undominated depends entirely on the effec-
tiveness of the dominance criterion to sample promising
regions of the space of all bin assignments. This simple
procedure performed surprisingly well on strongly cor-
related and multiple subset-sum instances – it performs
significantly better than the GGA and HGGA. On the
other hand, this simple algorithm performed very poorly
on the weakly correlated instances.

Finally, we note the extremely poor performance of
the Truncated Bin-Completion (TruncBC) branch-and-
bound algorithm, which is also based on the same dom-
inance criterion as the UGGA. Although bin-completion
has been shown to be the current state-of-the-art algo-
rithm for smaller problems of the same type (low ratio of
items to bins) [Fukunaga and Korf, 2007], our results indi-
cate that for large problems, the branch-and-bound search
strategy in this search space becomes ineffective, and that
a different search strategy such as our genetic algorithm
seems to be required for this search in this space to be
successful.

7 Conclusions

In this paper, we investigated the use of dominance in
incomplete algorithms for the MKP. In particular, we fo-
cused on a genetic algorithm for the MKP which uses
a dominance constraint to limit search to undominated
candidate solutions. Unlike a previous algorithm for bin



STRONGLY CORRELATED INSTANCES

Configuration Instance 1 Instance 2
Algorithm pop cross mut individuals Mean σ worst best individuals Mean σ worst best

FFDE n/a n/a n/a n/a 504429 n/a n/a n/a n/a 521987 0 521987 521987
MTHM n/a n/a n/a n/a 699757 n/a n/a n/a n/a 681330 0 681330 681330

Mulknap n/a n/a n/a n/a 745837 n/a n/a n/a n/a 767114 n/a n/a n/a
WCGA 100 0.5 0.03 462470 751648 184 751260 751932 467439 768262 109 768066 768387

GGA 100 0.01 0.01 3264256 749516 343 748930 749958 3289261 765521 339 764890 766150
HGGA 100 0.01 0.01 1564 749030 202 748833 749414 1664 764922 331 764184 765373
UGGA 100 0.01 0.01 2452429 753370 47 753278 753428 2439979 769614 40 769569 769683

RandUnd n/a n/a n/a 47557 750421 145 750242 750649 45109 766719 157 766518 766941
TruncBC n/a n/a n/a n/a 748406 n/a n/a n/a n/a 763818 n/a n/a n/a

Configuration Instance 3 Instance 4
Algorithm pop cross mut individuals Mean σ worst bests individuals Mean σ worst best

FFDE n/a n/a n/a n/a 481095 n/a n/a n/a n/a 478171 n/a n/a n/a
MTHM n/a n/a n/a n/a 629253 n/a n/a n/a n/a 673521 n/a n/a n/a

Mulknap n/a n/a n/a n/a 708087 n/a n/a n/a n/a 722244 n/a n/a n/a
WCGA 100 0.5 0.03 462880 711446 136 711228 711592 462631 726772 144 726552 727051

GGA 100 0.01 0.01 3251066 709328 231 708990 709669 3272602 724378 158 724108 724634
HGGA 100 0.01 0.01 1604 708916 189 708590 709131 1690 724438 272 724210 724997
UGGA 100 0.01 0.01 2516927 712937 66 712796 713019 2502070 728296 41 728222 728362

RandUnd n/a n/a n/a 54665 710213 192 710062 710650 53094 725781 126 725618 725985
TruncBC n/a n/a n/a n/a 708925 n/a n/a n/a n/a 723902 n/a n/a n/a

MULTIPLE SUBSET SUM INSTANCES

Configuration Instance 1 Instance 2
Algorithm pop cross mut individuals Mean σ worst best individuals Mean σ worst best

FFDE n/a n/a n/a n/a 747026 n/a n/a n/a n/a 762816 n/a n/a n/a
MTHM n/a n/a n/a n/a 747026 n/a n/a n/a n/a 762816 n/a n/a n/a

Mulknap n/a n/a n/a n/a 744773 n/a n/a n/a n/a 764293 n/a n/a n/a
WCGA 100 0.5 0.01 459386 749922 82 749817 750051 462056 766492 159 766163 766665

GGA 100 0.01 0.01 3829413 748927 123 748638 749067 3971218 764187 296 763518 764470
HGGA 100 0.01 0.01 1464 747471 244 747081 747884 1467 763034 182 762808 763307
UGGA 100 0.01 0.01 2398800 751507 21 751475 751547 2392706 767773 22 767741 767803

RandUnd n/a n/a n/a 47212 748674 103 748539 748872 45605 765032 173 764836 765325
TruncBC n/a n/a n/a n/a 747056 n/a n/a n/a n/a 762828 n/a n/a n/a

Configuration Instance 3 Instance 4
Algorithm pop cross mut individuals Mean σ worst best individuals Mean σ worst best

FFDE n/a n/a n/a n/a 707080 n/a n/a n/a n/a 722512 n/a n/a n/a
MTHM n/a n/a n/a n/a 707080 n/a n/a n/a n/a 722512 n/a n/a n/a

Mulknap n/a n/a n/a n/a 706549 n/a n/a n/a n/a 721480 n/a n/a n/a
WCGA 100 0.5 0.01 459404 709486 91 709317 709612 460556 724818 175 724562 725161

GGA 100 0.01 0.01 3732500 708656 160 708408 708827 3853962 723963 194 723632 724229
HGGA 100 0.01 0.01 1514 707485 194 707175 707794 1484 722599 262 722357 723097
UGGA 100 0.01 0.01 2474574 711062 23 711022 711087 2467649 726409 27 726368 726450

RandUnd n/a n/a n/a 55957 708362 103 708235 708545 54594 723947 105 723797 724114
TruncBC n/a n/a n/a n/a 707467 n/a n/a n/a n/a 722532 n/a n/a n/a

WEAKLY CORRELATED INSTANCES

Configuration Instance 1 Instance 2
Algorithm pop cross mut individuals Mean σ worst best individuals Mean σ worst best

FFDE n/a n/a n/a n/a 806906 n/a n/a n/a n/a 778781 n/a n/a n/a
MTHM n/a n/a n/a n/a 806906 n/a n/a n/a n/a 778781 n/a n/a n/a

Mulknap n/a n/a n/a n/a 843374 n/a n/a n/a n/a 801497 n/a n/a n/a
WCGA 100 0.5 0.01 468557 851940 1173 849272 853305 468550 809522 797 808099 810504

GGA 100 0.01 0.01 3356774 844882 1041 843185 846112 3366824 803587 1035 801304 805125
HGGA 100 0.01 0.01 2100 837125 1766 834605 839340 1999 797239 1956 794064 799693
UGGA 100 0.01 0.01 2518209 836076 2608 832881 841013 2544247 798572 1187 797279 801225

RandUnd n/a n/a n/a 74678 805086 747 804024 806437 69673 770207 579 769204 770862
TruncBC n/a n/a n/a n/a 806980 n/a n/a n/a n/a 778874 n/a n/a n/a

Configuration Instance 3 Instance 4
Algorithm pop cross mut individuals Mean σ worst best individuals Mean σ worst best

FFDE n/a n/a n/a n/a 723833 n/a n/a n/a n/a 755329 n/a n/a n/a
MTHM n/a n/a n/a n/a 723833 n/a n/a n/a n/a 755329 n/a n/a n/a

Mulknap n/a n/a n/a n/a 740210 n/a n/a n/a n/a 780777 n/a n/a n/a
WCGA 100 0.5 0.01 462478 750382 486 749667 751117 464390 792639 483 791975 793289

GGA 100 0.01 0.01 3245244 745631 997 743958 746782 3311285 787438 968 785953 788641
HGGA 100 0.01 0.01 2271 738710 1252 736057 739696 2119 780556 1129 778882 782737
UGGA 100 0.01 0.01 2146420 741216 1764 738844 743754 2575501 776295 2782 771752 780933

RandUnd n/a n/a n/a 49918 714391 683 713235 715442 74995 744201 1070 743056 745879
TruncBC n/a n/a n/a n/a 723833 n/a n/a n/a n/a 755329 n/a n/a n/a

Table 1: Comparisons on 4 strongly correlated problems, 4 multiple subset-sum instances, and 4 weakly correlated
instances (10 runs per instance, 180 seconds per run). For each algorithm, we shows the mean and standard deviation
(σ) of the scores attained by the algorithm. The best and worst are the scores achieved by the best and worst runs
(out of the 10 independent runs) for each instance by each algorithm.



packing by Falkenauer, which applied a similar dominance
criterion in a limited manner, our algorithm maximally
exploits the dominance criterion by generating only un-
dominated candidate solutions – dominated candidates
are never generated. This is enabled by a randomized,
practical (linear-space) algorithm for generating only un-
dominated bin assignments. Compared to Falkenauer’s
HGGA, which uses the dominance criterion in a local op-
timization phase, the UGGA more fully exploits the domi-
nance criterion. Furthermore, the UGGA is in some sense
a simpler search algorithm – there is no separate, local op-
timization procedure.

Our experimental results showed that on MKP in-
stances where item weights and profits are highly corre-
lated, the UGGA outperformed other heuristic and evo-
lutionary approaches. On the other hand, for weakly cor-
related instances, the Weight-Coded GA performed best.
This appears to be because our dominance criterion does
not sufficiently reduce the search space when item weights
and profits are not correlated; this hypothesis is partially
supported by the performance of Random-Undominated,
which samples the space of undominated assignments. Fu-
ture work will seek to determine more precisely the criteria
under which UGGA is successful.

Although this paper focused on the MKP, the general
approach of the UGGA (i.e., incomplete search in the
space of undominated bin assignments) is applicable to
other problems involving the assignment/packing of items
into containers/bins, where a similar dominance criterion
can be derived. Similar dominance criteria have been
found for the bin-packing problem [Martello and Toth,
1990], bin covering problem and for the min-cost covering
problem (sometimes known as the liquid loading problem)
[Fukunaga and Korf, 2007].
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