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Abstract

Basedon structuralabstractionsof the problem,
structuralsymmetrybreaking(SSB) can be used
to breaksymmetrydynamicallyduring search,or
staticallyby addingsymmetrybreakingconstraints
to the problem. While dynamicsymmetrybreak-
ing incurs larger costsper choicepoint, it is able
to accommodatedynamicsearchorderings.Static
symmetrybreaking, on the other hand, has low
costsper choicepoint, but only works ef�ciently
in combinationwith staticsearchorderings,which
in turn causehigh variancein runtime for differ-
ent instances.By introducing”model restarts,” we
combinethe bene�ts of lean and fast static sym-
metrybreakingwith thoseof randomizeddynamic
searchorderings.The�rst empiricalcomparisonof
dynamicandstaticSSBshowsthatstaticSSBwith
modelrestartsworksrobustlyandanorderof mag-
nitudefasterthanothermethods.

1 Intr oduction
Symmetrybreakinghasreceivedconsiderableandincreasing
interestin pastyears. It is widely acceptednow that sym-
metriescancausesigni�cant problemsto systematicsolvers
thatunnecessarilyexploreredundantpartsof thesearch-tree
many timesover. Methodsto avoid this undesirablebehavior
rangefrom adaptingorderingheuristics[Brown et al., 1988;
Backofen& Will, 1999], addingstaticconstraintsto theprob-
lem [Crawford et al., 1996;Fleneret al., 2002], addingcon-
straintsduringsearch[Gent& Smith,2000], and�ltering val-
uesbasedon a symmetricdominanceanalysiswhen com-
paring the currentsearch-nodewith thosethat were previ-
ouslyexpanded[Fahleet al., 2001;Focacci& Milano, 2001;
Puget,2002].

Especiallythelattertechnique,known assymmetrybreak-
ing by dominancedetection(SBDD), hasprovento excel on
problemsthatcontainlargesymmetrygroups.Thecoretask
of SBDD is dominancedetection.The�rst automateddomi-
nancedetectionalgorithmswerebasedongrouptheory[Gent
et al., 2003], while the �rst provably polynomial-timedom-
inancecheckers for speci�c typesof value symmetrywere
devised in [Van Hentenrycket al., 2003]. This work was
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later extendedto tackle arbitrary typesof value symmetry
in polynomial time [Roney-Dougalet al., 2004]. Basedon
theseresults,for speci�c “piecewise” symmetricproblems,
[Sellmann& VanHentenryck,2005] showedthatsymmetric
subtreesresultingfrom variableandvaluesymmetrysimulta-
neouslycanbeeliminatedfrom thesearch-treein polynomial
time. The methodwasnamedstructuralsymmetrybreaking
(SSB)andisbasedonthestructuralabstractionof agivenpar-
tial assignmentof valuesto variables.Interestingly, thestruc-
tural abstractionsintroducedto tacklepiecewisesymmetries
dynamicallycouldalsobe exploited to devisea setof static
symmetry-breakingconstraintsthatbreakall piecewisevari-
ableandvaluesymmetry[Fleneretal., 2006].

Comparedwith othersymmetry-breakingtechniques,the
big advantageof dynamicsymmetrybreakingis that it can
accommodatedynamicsearchorderingswithout runningan
increasedrisk of thrashing. Dynamic orderingshave often
beenshown to vastlyoutperformstaticorderingsin many dif-
ferent typesof constraintsatisfaction problems. However,
when addingstatic symmetry-breakingconstraintsthat are
notalignedwith thevariableandvalueorderings,it is entirely
possiblethatwedismissperfectlygoodsolutionsjustbecause
they arenot theonesthatarefavoredby thestaticconstraints,
which(ideally) leaveonly onerepresentativesolutionin each
equivalenceclassof solutions.To addressthisproblem,Puget
suggestedan elegantsemi-staticsymmetrybreakingmethod
that provably doesnot remove the �rst solution found by a
dynamicsearch-method[Puget,2006]. It is not clear how
this methodcanbe generalized,though,andfor the caseof
piecewisevariableandvaluesymmetry, nomethodwith sim-
ilar propertiesis known yet. On theotherhand,staticmeth-
odsaregenerallyeasyto use,enjoy alow overheadperchoice
point,andexhibit ananticipatorycharacterthatemergesfrom
�ltering symmetry-breakingconstraintsin combinationwith
constraintsin theproblem.

In this paper, for the �rst time ever we comparestaticand
dynamicSSB in practice. We show that static SSB works
muchfasterthandynamicSSB.However, this gaincomesat
a cost: StaticSSBintroducesa hugevariancein runtimeas
staticsymmetrybreakingconstraintsmayclashwith dynamic
searchorderings.Usingstaticsearchorderings,on theother
hand,canalsocauselarge variancesin runtimeas they are
not equally well suitedfor differentprobleminstances.To
avoid this coreproblemof staticsymmetrybreaking,we in-
troducetheideaof “modelrestarts.” Weshow how they allow
usto ef�ciently combinestaticsymmetrybreakingwith semi-



dynamicsearch-orderings.Themethodis verysimpleto use
andwe show thatmodelrestartsgreatlyimprove therobust-
nessof staticsymmetrybreaking.

In particular, in the following sections,we give someba-
sicde�nitions, andreview dynamicandstaticstructuralsym-
metry breakingin the following two sections.Then,we in-
troducemodel restarts. Finally, we show the resultsof our
experiments.

2 BasicDe�nitions
First, let us review the basicde�nitions of constraintpro-
gramsandpiecewisesymmetry.

De�nition 1. � A ConstraintSatisfactionProblem(CSP)
is a tuple
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An assignmentof cardinality I is called complete, oth-
erwiseit is called partial. A completeassignmentsatis-
fyingall constraintsis calleda solution.

De�nition 2. � Given a set J and a set of sets K
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Thetypeof symmetrythatthemethodcantackleef�ciently
is de�ned asfollows:

De�nition 3. � Givena CSP
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� Given two assignments: and f on a piecewisesym-
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� Giventwo arbitrary assignments: and f for a piece-
wisesymmetricCSP, wecall theproblemof determining
whether: dominatesf theDominanceDetectionProb-
lem.

Equippedwith thesede�nitions, webrie�y review how dy-
namicandstaticSSBwork onpiecewisesymmetricCSPs.

3 Structural Symmetry Breaking
Among dynamicsymmetrybreakingmethods,for problems
with vast amountsof symmetries,SymmetryBreaking by
DominanceDetection(SBDD) hasshown to perform most

ef�ciently [Fahleet al., 2001;Focacci& Milano, 2001]. The
idea of SBDD is very simple: Before a new subtreeis ex-
plored,we �rst checkif it doesnotmap,undersomesymme-
try, into a subtreethathasbeenfully exploredearlier. Or, in
theterminologyof SBDD,thatthecurrentpartialassignment
is not symmetricallydominatedby one that hasbeenstud-
ied earlier(seeDe�nition 3). Due to the fact that we check
for dominanceratherthanequivalence,it is suf�cient to com-
parewith only a linearnumberof previouslyexploredpartial
assignments[Fahle et al., 2001; Focacci& Milano, 2001].
While SymmetryBreakingduring Search(SBDS [Gent &
Smith, 2000]) addsa constraintfor eachsymmetryat every
backtrack,SBDD essentiallysearchesfor anapplicablesym-
metrywhichmakesit muchmoreef�cient for problemswith
a lot of symmetry.

The algorithmically interestingpart of SBDD is to �nd
ef�cient ways to perform the actualdominancecheck,that
is, the searchfor a variablepermutationQ anda valueper-
mutation h which would show that the current partial as-
signmentf is dominatedby somepreviously exploredpar-
tial assignment: accordingto De�nition 3. For general
problems,it hasbeenshown that computationalgroup the-
ory canbe exploited to performthis task[Gentet al., 2002;
2003]. While this is convenientfrom theuser's perspective,
therearenoguaranteesthatthedominancecheckwill beper-
formedin polynomialtime. As amatterof fact,it wasshown
thatdominancecheckingis NP-hardin general[Sellmann&
VanHentenryck,2005]. However, for specialcasesof sym-
metryit is still possibleto checkdominanceef�ciently . Struc-
tural symmetrybreakingwasoriginally developedto do ex-
actly that,namelyfor the taskof performingef�cient domi-
nancechecksfor piecewisesymmetricCSPs.

3.1 Dynamic Structural Symmetry Breaking
Thecoreideafor devisinganef�cient dominancecheckerfor
piecewisesymmetricCSPslies in thede�nition of signatures
of valuesunderanassignment.
De�nition 4. � Givena partial assignment: , for all val-
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To understandthe de�nition better, consider the fol-
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accordingto De�nition 3.
A lemmafrom [Sellmann& VanHentenryck,2005] is es-

sentialfor performinga dominancecheckef�ciently , like the
onethatwe just performedin anadhocmanner:

Lemma 1. An assignment: dominatesanotherassignment
f in a piecewisesymmetricCSPiff there existsa piecewise
permutationh over
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The lemmaallows us to ef�ciently checkdominancebe-
tweenassignments: and f : We set up a bipartite graph
where, for eachvalue
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, there is one nodeon the left and
one on the right. An edgeconnectstwo nodeswith as-
sociatedvalues
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partitegraphcontainsa perfectmatching. Computationally,
piecewise symmetricdominanceis therebynot harderthan
solvinga bipartitematchingproblem(seeFigure1).

To summarize,dynamicSSBis a specialcaseof SBDD.
Before we expanda new search-nodewe �rst checkif the
partialassignmentthat led usto thecurrentnodeis not dom-
inatedby any partialassignmentthathasbeenfully explored
earlier. SBDD ensuresthat there is only a linear number
of dominancechecksneeded.SSBperformsthe dominance
checksby computingthesignaturesof valuesunderthepar-
tial assignmentsin question,setsup a bipartite graphand
prunesthe current node if and only if a perfect matching
canbefound. In [Sellmann& VanHentenryck,2005] it was
shown how dynamicSSBcanalsobe usedfor �ltering pur-
posesin time •
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3.2 Static Structural Symmetry Breaking
In [Flener et al., 2006] the signatureabstractionsof SSB
couldbeexploitedto devisea linearsetof constraintswhich
provablyleavesoneandonlyonesolutionin eachequivalence
classof solutions.Whenwe assumea total orderingof vari-
ables
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Figure1: A bipartitegraphsetup to seeif thereexistsa per-
mutationof valuesthat shows dominancebetweentwo as-
signmentsaccordingto Lemma1. TheFiguregivesthesig-
naturesfor eachvalue, links pairs of valueswherethe one
in assignment:

�

dominatesto theonein : z , anda perfect
matchingthatprovesthat :

�

dominates:sz is designatedby
solid lines.

usual,we canbreakvariablesymmetrywithin eachvariable
componentsimply by requiringthat lower-indexedvariables
take smalleror equalvalues. To breakthe valuesymmetry
simultaneously, we resortto thesignaturesof valuesin com-
pleteassignments:Within eachvaluecomponent,we require
that smaller valueshave lexicographicallygreateror equal
signatures.Then the problemboils down to computingthe
signaturesof valuesef�ciently . Fortunately, in CP this is an
easytaskwhenusingtheexistingglobalcardinalityconstraint
(GCC)whichallowsusto restrictandcounthow many times
a valueis takenby agivensetof variables[Regin, 1996].

Formally, static SSB consists in adding the following
static set of constraintsto a piecewise symmetric CSP
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That is, with the help of GCC, we count the frequency
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. [Flener
et al., 2006] showedthat theseconstraintsleave exactly one
representative in eachclassof symmetricsolutions. Using
Regin's �ltering algorithm for the GCC [Regin, 1996], �l-
tering all static SSB constraintsdoesnot take longer than
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, where – is the numberof
valuesand I thenumberof variablesin thegivenCSP. Note
thatthis is signi�cantly fasterthanthetimefor dynamicsym-
metrybreaking!

4 Model Restarts
As our review of dynamic and static structuralsymmetry
breakingexempli�ed, static symmetry-breakingtechniques
usuallyimposemuchlessoverhead,both regardingthe pro-
grammingburdenaswell asthe workloadper choicepoint.
However, they suffer from one important drawback, and
that is the fact that they aremuchmoresensitive to search-
orderings.Both in [Kiziltan, 2004] and[Smith,2005] it has
beennotedthat static symmetry-breakingconstraintscause
greatvariancesin theexpectedruntime. Knowing thatstatic
symmetry-breakingconstraintswork by excluding all but
one representative out of each equivalenceclass of solu-
tions,this is hardlysurprising:Whenthesymmetry-breaking
constraintsare not alignedwith the search-orderings,static
symmetry-breakingconstraintsmay interrupt the construc-
tion of many perfectlygoodsolutions,simply becausethey
are not the representatives we have chosen. Therefore,
in [Puget,2006] Pugetdevised semi-staticconstraintsthat
provably do not excludethe �rst solutionof a searchwith-
out symmetry-breakingconstraints.Unfortunately, no such
methodis known for thecaseof piecewisesymmetryyet.

Ontheotherhand,whenusingstaticsearchorderings,they
themselves are much less robust and perform with greatly
varying performanceon different problem instances. The
questionariseshow we can combinethe bene�ts of being
able to changethe searchorderingswhile using lean static
symmetrybreaking.

We exploit the ideaof randomizationandrestarts[Gomes
et al., 1997; Kautz et al., 2002], which hasbeenshown to
greatly improve the robustnessof systematicsearch:When
thesearchtakestoolong(asdeterminedby exceedingagiven
fail-limit) we interruptour search,andtry againwith anup-
datedfail-limit [Kautzetal.,2002]. To avoid thatweconduct
the samesearchover andover again,a randomcomponent
is addedto theselectionheuristicsfor thebranchingvariable
and/orthe branchingvalue. This methodmarksoneof the
greatbreak-throughsin thepast�fteen years.It hashadapro-
found impacton theway how we conductsystematicsearch
today. The methodhas beenproven both experimentally
andtheoreticallyto eliminateheavy-tailedrun-timedistribu-
tions [Gomeset al., 1997]. The latterhave beenobservedto
occurfrequentlyin SAT andconstraintsatisfactionproblems
wherethey cancause“in�nite” meanperformance(whereby
in actualitythedistributionsareof coursetruncateddueto the
�nite characterof concreteprobleminstances)while theme-
dian runtimemayevenbeconstant.Complementedby non-
chronologicalbacktrackingandno-goodlearning,theideaof
randomizationand restartsmarksone of the backbonesof
modernsystematicSAT solvers.

In order to improve the robustnessof static symmetry
breaking,we thereforeproposeto exploit randomizationand
restarts. Note that, when posingstatic symmetrybreaking
constraints,thereis often a lot of freedomin how we deter-
mine the representatives that we leave in eachequivalence
classof solutions(see,e.g.,[Smith,2005]). In our case,with
respectto theorderingof variables,we have the freedomto

 1

 10

 100

 1000

 10000

 100000

 20  25  30  35  40

M
ea

n 
F

ai
ls

Number of Nodes

sSSB-gcc-md
sSSB-gcc-st

sSSB-gcc-res

 1

 10

 100

 1000

 10000

 100000

 20  25  30  35  40

M
ea

n 
F

ai
ls

Number of Nodes

sSSB-gcc-md
sSSB-gcc-st

sSSB-gcc-res
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choosethe orderingof variableswithin eachvariableparti-
tion. However, thischoiceis hardlyof any signi�canceasthe
variablesareinterchangeableanyway. More importantis our
freedomto arbitrarilychoosetheorderingof thevariablepar-
titionswhichde�nestheorderingwithin thevaluesignatures.

We startour searchandusethestaticvariableorderingas
inducedby the static symmetrybreakingconstraints. This
avoids clashesbetweenstaticSSBandthe searchordering.
However, the particularsearchorderingwe choosemay not
be suitedwell for the concreteinstancewe needto solve.
Consequently, we interrupt our searchwhen a fail-limit is
reached.Now, we would like to choosea new andsomewhat
randomizedsearchordering,but if we do, then it is likely
to clash with our static constraints. Consequently, rather
thanupdatingthe searchorderingonly, we also change the
underlyingCP model! That is, at every restartwe do not
only changethe search-orderings,but also the correspond-
ing staticsymmetry-breakingconstraints.Thisway, weavoid
clashesbetweenthe search-orderingsand static symmetry-
breakingconstraints,and are still not bound to one static
search-orderingwhich maybebadfor thegivenproblemin-
stance.Wereferto thissimpleandeasyto useideaas“model
restarts.”

5 Experimental Results
We experimenton the benchmarkintroducedin [Law et al.,
2007] thatconsistsof graphcoloringproblemsoversymmet-
ric graphs.Note that, in graphcoloring,nodesthathave the
samesetof neighborsareinterchangeableandform a parti-
tion of piecewiseinterchangeablevariablesin thecorrespond-
ing CSP. Furthermore,all colorsareinterchangeablevalues.
In [Law et al., 2007], randomizedgraphcoloring problems
aregeneratedwith eitherauniformor abiaseddistributionof



partitionsof interchangeablenodesin the graphs,anda pa-
rameterÅ in�uences the densityof the graphs. For details,
pleasesee[Law et al., 2007]. For reasonsof comparability,
our experimentalset-upis thesameasin [Law et al., 2007].
Eachdatapoint we reportrepresentsthemeanof runson 20
differentinstanceswith a cutoff of onehour. For eachdata
point, at least90% of all runs�nish within this time-frame.
For the restartedmethods,fail-limits grow linearly asmulti-
ples of 100. We also usethe sameCSPmodel as in [Law
et al., 2007], wherebyit is worth notingthat this modeldoes
notcontainany lowerboundsontheobjectivefunctionwhich
shouldbeaddedif onewasactuallyinterestedin solvingthe
benchmarkef�ciently . However, for the sake of beingable
to compareour resultswith thosepublishedin [Law et al.,
2007], we did notadda lowerboundto themodel.

In Figure 2, we study three different algorithmson the
biasedgraph-coloringbenchmark:static SSB in combina-
tion with a min-domainheuristic(sSSB-gcc-md),staticSSB
in combinationwith a correspondingstaticvariableordering
(sSSB-gcc-st),andstaticSSBwith modelrestarts(sSSB-gcc-
res),wheretheorderingof variablepartitionsis permutedat
everymodelrestart,with a biasto placelargerpartitionsear-
lier in theordering.The�gure shows theaveragenumberof
failures,but sincethe time per choicepoint for all variants
is practically the same,we get the exact samepicturewhen
comparingrunning times (for the actual runtime of sSSB-
gcc-res,comparewith Figure 3). We can seeclearly that
sSSB-gcc-mdandsSSB-gcc-starebothnot robustat all. The
curvesarehighly erratic.Thereasonwhy sSSB-gcc-stshows
sucha high variancein solutiontime is that thestaticorder-
ing thatis chosenis goodfor someinstancesandbadfor oth-
ers.Dynamicvariableorderingslike themin-domainheuris-
tic usuallyleadto muchmorerobustperformance.However,
in the caseof symmetricproblems,the dynamicorderings
mayclashwith thestaticconstraints,andsSSB-gcc-mdis not
performingconsistentlywell either. On the otherhand,we
can seeclearly how model restartsgreatly improve the ro-
bustness:sSSB-gcc-resbehavesmuchmorepredictably, and
while it losesagainstthe othervariantswherethesehappen
to work �ne, as the instancesbecomelarger and harderto
solve, we observe largebene�ts whenusingthemorerobust
method.

Our next experimentregardsa different variant of static
SSB that was introducedin [Law et al., 2007]. This vari-
ant leavesthesamerepresentativesin eachequivalenceclass
asthe symmetry-breakingconstraintsthat we reviewed ear-
lier, but in a way that promisesgreater�ltering power. As
it is basedon regular constraints,we refer to this version
assSSB-reg. After comparingthe new decompositionwith
the [Fleneret al., 2006] variantof staticSSB on the graph
coloringbenchmark(to which we refer to assSSB-gcc),the
conclusionin [Law et al., 2007] was that sSSB-reg worked
ordersof magnitudefasterthansSSB-gcc.However, in this
work it wasonly investigatedhow a differentorderingof the
variablepartitionsfor thevalue-signaturesaffectssolutionef-
�ciency, while thealgorithmstestedall usedthemin-domain
criterionasbranchingvariableselector. However, aswe just
showed, staticSSBworks bestin combinationwith a static
variableordering.

In Figure 3 we comparerestartedstatic SSB basedon
GCC constraints(sSSB-gcc-res)with the staticSSBvariant

basedon regular constraintsthat wasintroducedin [Law et
al., 2007] (with min-domainheuristic,sSSB-reg-md). The
�rst algorithm was run on an AMD-Athlon 64-X2 3800+
(2.0GHz),the latterwasrun on a SunBlade2500(1.6GHz)
andthecurve shown is anadaptationof that shown in [Law
et al., 2007]. Basedon the datagiven in that paper, we can
infer that their machinecanprocessabout20K failuresper
secondwhenrunningsSSB-gcc-md,while wemeasured30K
failurespersecondon our architecturefor thesamemethod.
Weconcludethatourmachineworksabouta factor1.5faster
andthusdividedthedata-pointsunderlyingthecurve shown
in [Law et al., 2007] by that factorto make the comparison
fair.

We seethat the restartedmethodworks equallyrobust as
sSSB-reg-md, but roughly one order of magnitudefaster.
While the motivation for the new decompositionin [Law et
al., 2007] wasto eliminatetheuseof “global cardinalitycon-
straintswhich canbe expensive to propagate,” we �nd that
sSSB-gccactuallyincursmuchlessoverheadperchoicepoint
than sSSB-reg. As a matterof fact, sSSB-gccvisits about
two ordersof magnitudemorechoicepointsthansSSB-reg:
In [Law et al., 2007] it is reportedthat sSSB-reg visits less
than100choicepointson thebiasedinstances(which makes
it highly unlikely that restartswill lead to any further im-
provements),andthe numberof failuresof sSSB-gcc-resis
shown in Figure2. This impliesthatsSSB-gccworksalmost
threeordersof magnitudefasterperchoicepoint! It is thisef-
�ciency which givesthesimplesSSB-gcc-resthe advantage
over themuchmoreeffective�ltering of sSSB-reg-md.

Finally, considerthecurve denotedwith sSSB-gcc-tradres
which shows theperformanceof a traditionalrestartstrategy
wherethemodelis staticwhile thesearchorderingsareran-
domized.As we cansee,traditionalrestartshelpto make the
methodmorerobust,but theperformanceis muchimproved
(roughlyby anorderof magnitude)whenbothsearchorder-
ingsandsymmetry-breakingconstraintsarebeingalignedbe-
tweenrestarts.

6 Static vs. Dynamic Symmetry Breaking
In our �nal section,we provide the �rst ever comparisonof
staticanddynamicSSB.ConsiderFigure3 again.Thecurve
denotedwith dSSB-mddenotesdynamicSSB in combina-
tion with the min-domainheuristic. As the theoreticalrun-
timecomparisonof dSSBandsSSBin Section2 alreadysug-
gested,we�nd thatthedynamicvariantcannotcompetewith
thestaticmethods,despiteourgreateffortsto tunethemethod
as bestas possibleusing the heuristic improvementsintro-
ducedin [Heller& Sellmann,2006].

We were curious if this would also hold for other types
of problems. We introducea randombenchmarkgenera-
tor whichproducespiecewisesymmetricCSPswith different
characteristics:Givena numberof variablesI andvalues– ,
aswell asthenumberof variablesper constraintI8Ê andthe
numberof valuesperconstraint–

Ê , wegenerateagivennum-
berof globalcardinalityconstraints(GCC),eachoverasetof

I
Ê randomlychosenvariablesand –

Ê randomlychosenval-
ues,wherebywe enforcethat all variablesin the constraint
togethertake eachchosenvalueexactly once. We vary this
basicconceptby eitheraddingonemoreGCCover all vari-
ablesandvaluesthat enforcesthat eachvaluebe chosenat
most2 times,or by addinganAllDif ferentconstraintoverall



 0.01

 0.1

 1

 10

 100

 1000

 10000

 100000

 1e+06

 30  32  34  36  38  40

M
ea

n 
T

im
e(

se
c)

Number of Nodes

dSSB-md
sSSB-reg-md
sSSB-gcc-res

sSSB-gcc-tradres

 0.01

 0.1

 1

 10

 100

 1000

 10000

 100000

 1e+06

 30  32  34  36  38  40

M
ea

n 
T

im
e(

se
c)

Number of Nodes

dSSB-md
sSSB-reg-md
sSSB-gcc-res

sSSB-gcc-tradres

 0.01

 0.1

 1

 10

 100

 1000

 10000

 100000

 1e+06

 20  25  30  35  40

M
ea

n 
T

im
e(

se
c)

Number of Nodes

dSSB-md
sSSB-reg-md
sSSB-gcc-res

sSSB-gcc-tradres

 0.01

 0.1

 1

 10

 100

 1000

 10000

 100000

 1e+06

 20  25  30  35  40

M
ea

n 
T

im
e(

se
c)

Number of Nodes

dSSB-md
sSSB-reg-md
sSSB-gcc-res

sSSB-gcc-tradres

Figure3: Meantime (seconds,log-scale)on20 instancesof theuniform (top)andbiased(bottom)graph-coloringbenchmarkwith Ë/ÌÎÍZÏ Ð

(left) and Ë>Ì¨Ñ (right).

variablesandvalues.Notehow every constraintin theprob-
lem partitionsboth thesetof variablesandthe setof values
in thosethat are involved in the constraint(all of them are
treatedequallyby the constraint),andthosethat arenot. In
theend,we know thatall variables(andvalues)thatalways
appeartogetherin the sameconstraintsare interchangeable.
In particular, weconsiderproblemswith � veconstraints(one
globaloverall variablesandvalues,plusfour other),with 15
variablesandvalues.Thenumberof variablesperconstraint
is �x edat 12 while thenumberof valuesperconstraintruns
from 2 to 12,thusgiving usarangeof differentlyconstrained
instances.

In Figure 4 we comparethree different algorithms on
this new benchmark:dynamicSSBthat usesa min-domain
heuristicto choosethebranchingvariable(dSSB-md),static
SSB with the min-domainheuristic (sSSB-md),and static
symmetry breakingwith a static variable ordering that is
in accordanceto the static symmetry-breakingconstraints
(sSSB-st).As for thegraphcoloringbenchmark,we observe
that static SSB can lead to ordersof magnitudespeed-ups
overdynamicSSB,especiallyin thecritically constrainedre-
gion. Themoreerraticcurve of sSSB-mdagainresultsfrom
a much higher variancein running time that is causedby
thecombinationof staticsymmetrybreakingwith a dynamic
variableordering.

7 Conclusions
We implementedstatic and dynamic structural symmetry
breaking(SSB)andtestedit onanexistingaswell asa novel
benchmarkset for CSPswith interchangeablevariablesand
values.In orderto improvetherobustnessof staticsymmetry
breaking,we introducedtheideaof modelrestartswherewe
resetthestaticsymmetry-breakingconstraintsin accordance
to a new variableordering. Whencomparingwith a differ-

ent variant of static SSB introducedin [Law et al., 2007],
we foundthatthe lattermethodis ableto reducethenumber
of choicepointssigni�cantly. However, the decomposition
thatwasintroducedin [Fleneret al., 2006] is still anorderof
magnitudefaster, andin combinationwith modelrestartsit is
equallyrobustasthemethodfrom [Law et al., 2007]. When
comparingdynamicandstaticSSB,we foundthattheability
of dynamicSSBto accommodatedynamicbranchingvariable
selectiondoesnot counter-balanceits muchlarger costsper
choicepoint. StaticSSBoutperformsdynamicSSBby orders
of magnitude.Futureresearchregardsthequestionwhether
model restartscan be helpful in other domainsaswell, for
examplewhena given problemcanbe modeledin different
waysby anautomaticmodellingtool.
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