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Abstract

Basedon structural abstractionsof the problem,
structuralsymmetrybreaking (SSB) can be used
to breaksymmetrydynamicallyduring search,or
staticallyby addingsymmetrybreakingconstraints
to the problem. While dynamicsymmetrybreak-
ing incurs larger costsper choicepoint, it is able
to accommodatelynamicsearchorderings. Static
symmetry breaking, on the other hand, has low
costsper choice point, but only works ef ciently
in combinationwith staticsearchorderingswhich
in turn causehigh variancein runtime for differ-
entinstancesBy introducing”’model restarts, we
combinethe bene ts of lean and fast static sym-
metry breakingwith thoseof randomizeddynamic
searctorderings.The rst empiricalcomparisorof
dynamicandstaticSSBshaws thatstaticSSBwith
modelrestartsvorksrobustly andanorderof mag-
nitudefasterthanothermethods.

1 Intr oduction

Symmetrybreakinghasrecevedconsiderabl@andincreasing
interestin pastyears. It is widely acceptechow that sym-
metriescancausesigni cant problemsto systematicsolvers
thatunnecessarilgxplore redundanpartsof the search-tree
mary timesover. Methodsto avoid this undesirabléehaior
rangefrom adaptingorderingheuristics[Brown et al., 1988;
Baclofen& Will, 1999, addingstaticconstraintgo theprob-
lem [Crawford etal., 1996;Fleneret al., 2004, addingcon-
straintsduringsearcHGent& Smith,2000, and Itering val-
uesbasedon a symmetricdominanceanalysiswhen com-
paring the currentsearch-nodeavith thosethat were previ-
ouslyexpandedFahleetal., 2001;Focacci& Milano, 2001;
Puget,2004.

Especiallythelattertechniqueknown assymmetrybreak-
ing by dominancedetection(SBDD), hasprovento excel on
problemsthat containlarge symmetrygroups. The coretask
of SBDD is dominanceletection.The rst automatediomi-
nancedetectionalgorithmswerebasedngrouptheory[Gent
etal., 2003, while the rst provably polynomial-timedom-
inancecheclersfor speci ¢ typesof value symmetrywere
devisedin [Van Hentenrycket al., 2003. This work was
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later extendedto tackle arbitrary types of value symmetry
in polynomialtime [Rone/-Dougalet al., 2004. Basedon
theseresults,for speci ¢ “piecewise” symmetricproblems,
[Sellmann& VanHentenryck 2005 shavedthatsymmetric
subtreesesultingfrom variableandvaluesymmetrysimulta-
neouslycanbeeliminatedfrom the search-tre@ polynomial
time. The methodwasnamedstructuralsymmetrybreaking
(SSB)andis basednthestructurakhbstractiorof agivenpar
tial assignmenof valuesto variablesInterestinglythestruc-
tural abstractionsntroducedto tackle piecavise symmetries
dynamicallycould alsobe exploited to devise a setof static
symmetry-breakingonstraintshatbreakall pieceavise vari-
ableandvaluesymmetry[Fleneretal., 2004.

Comparedwith other symmetry-breakingechniquesthe
big advantageof dynamicsymmetrybreakingis thatit can
accommodatelynamicsearchorderingswithout runningan
increasedisk of thrashing. Dynamic orderingshave often
beenshown to vastlyoutperformstaticorderingsn mary dif-
ferenttypesof constraintsatishction problems. However,
when adding static symmetry-breakingonstraintsthat are
notalignedwith thevariableandvalueorderingsit is entirely
possiblehatwe dismissperfectlygoodsolutionsustbecause
they arenottheonesthatarefavoredby the staticconstraints,
which (ideally) leave only onerepresentatie solutionin each
equivalenceclassof solutions.To addresshis problem,Puget
suggestedn elegantsemi-staticsymmetrybreakingmethod
that provably doesnot remove the rst solutionfound by a
dynamicsearch-methodPuget,2004. It is not clear how
this methodcanbe generalizedthough,andfor the caseof
piecavisevariableandvaluesymmetry no methodwith sim-
ilar propertiess known yet. On the otherhand,staticmeth-
odsaregenerallyeasyto use,enjoy alow overheaderchoice
point,andexhibit ananticipatorycharactethatemegesfrom

ltering symmetry-breakingonstraintdin combinationwith
constraintsn the problem.

In this paper for the rst time ever we comparestaticand
dynamicSSBin practice. We shav that static SSB works
muchfasterthandynamicSSB.However, this gaincomesat
a cost: Static SSBintroducesa hugevariancein runtimeas
staticsymmetrybreakingconstraintsnayclashwith dynamic
searchorderings.Using staticsearchorderings,on the other
hand, can also causelarge variancesn runtime asthey are
not equally well suitedfor differentprobleminstances.To
avoid this core problemof staticsymmetrybreaking,we in-
troducetheideaof “modelrestarts. We shon how they allow
usto ef ciently combinestaticsymmetrybreakingwith semi-



dynamicsearch-orderingsThe methodis very simpleto use
andwe shav that modelrestartsgreatlyimprove the robust-
nessof staticsymmetrybreaking.

In particular in the following sectionswe give someba-
sicde nitions, andreview dynamicandstaticstructuralsym-
metry breakingin the following two sections. Then,we in-
troducemodelrestarts. Finally, we shav the resultsof our
experiments.

2 BasicDe nitions

First, let us review the basicde nitions of constraintpro-
gramsandpiecavise symmetry

De nition 1. A ConstraintSatishction Problem(CSP)
isatuple whee isa -
nite setof variables, is asetofvalues,

isasetof nite domainsvheeeat

is the setof possibleinstantiationsto variable

, and is a nite setof constaints

whereeadh isde nedonasubsebfthevariables
in  andspecifyingheir valid combinations.

Givena CSRanassignment is a setof pairs

sud that implies
An assignmenbf cardinality is called complete oth-
erwiseit is called partial A completeassignmensatis-
fying all constaintsis calleda solution

De nition 2. Givena set and a set of sets
sud that andthe are pair-
wisenon-overlapping wesaythat is a partitionof
andwewrite .

Givena set anda partition , a bijection
sud that (whee

) is called a piecavise permutatiorover

Thetypeof symmetnthatthemethodcantackleef ciently
is de ned asfollows:

De nition 3. Givena CSP , andpartitions
, we saythat the CSP
haspiecavise varlableandvaluesymmetryn‘f all vari-
ableswithineadh  andall valueswithineach  are

consideedsymmetrid Cohenetal., 2004 .
Giventwo assignments and on a piecavise sym-

metric CSR we saythat dominates iff ther exist
piecavise permutations over and
over suc thatfor all it holds
that .

Giventwo arbitrary assignments and for a piece-

wisesymmetricCSRwe call the problemof determining
whether dominates theDominanceDetectionProb-
lem.

Equippedwith thesede nitions, webrie y review how dy-
namicandstaticSSBwork on piecavise symmetricCSPs.

3 Structural Symmetry Breaking

Among dynamicsymmetrybreakingmethods for problems
with vast amountsof symmetries,Symmetry Breaking by
DominanceDetection(SBDD) hasshavn to perform most

efciently [Fahleetal., 2001;Focacci& Milano, 2001]. The
ideaof SBDD is very simple: Before a new subtreeis ex-
plored,we rst checkif it doesnotmap,undersomesymme-
try, into a subtreethathasbeenfully exploredearlier Or, in
theterminologyof SBDD, thatthe currentpartialassignment
is not symmetricallydominatedby one that hasbeenstud-
ied earlier (seeDe nition 3). Dueto the factthatwe check
for dominanceaatherthanequialencejt is sufcient to com-
parewith only alinearnumberof previously exploredpartial
assignmentgFahle et al., 2001; Focacci& Milano, 2001].
While SymmetryBreaking during Search(SBDS [Gent &
Smith, 2000) addsa constraintfor eachsymmetryat every
backtrack SBDD essentiallysearche$or anapplicablesym-
metrywhich makesit muchmoreefcient for problemswith
alot of symmetry

The algorithmically interestingpart of SBDD is to nd
ef cient waysto performthe actualdominancecheck,that
is, the searchfor a variablepermutation anda value per
mutation  which would shav that the current partial as-
signment is dominatedby somepreviously explored par
tial assignment accordingto De nition 3. For general
problems,it hasbeenshovn that computationalgroup the-
ory canbe exploited to performthis task[Gentet al., 2002;
2003. While this is corvenientfrom the users perspectie,
thereareno guaranteethatthedominanceheckwill beper
formedin polynomialtime. As amatterof fact,it wasshovn
thatdominancecheckingis NP-hardin generalSellmann&
Van Hentenryck,2005. However, for specialcasesof sym-
metryit is still possibleio checkdominanceef ciently . Struc-
tural symmetrybreakingwas originally developedto do ex-
actly that, namelyfor the task of performingef cient domi-
nancechecksfor piecavise symmetricCSPs.

3.1 Dynamic Structural Symmetry Breaking

Thecoreideafor devising anef cient dominancecheclerfor
piecavisesymmetricCSPdiesin thede nition of signatues
of valuesunderanassignment.

De nition 4. Givena partial assignment , for all val-
ues ,wede ne

whee indexes the different variable partitions
. Thatis, the signatue of under s the
tuple that counts,for ead variable partition, by how

mary variablesin the partition thevalueis takenin

We saythata value in anassignment dominatesa
value inassignment iff and belongto thesame
value-symmetrglassand

We say that a value in an assignment is struc-
turally equivalentto a value in assignment iff
and belongto the samevalue-symmetrclass and

To understandthe de nition better consider the fol-
lowing example: We have variables over
domains . Now assumehatthe rst
four and the last four variablesare indistinguishable,i.e.

and . Furthermore,

"Where the -relation on vectors is de ned as the usual
component-wiseomparisoni.e.: iff



assumethat , , and
that we are given the following two assignments:
and -
. Now, the signature of
under tells us, for eachvariable partition, how mary
variableshave alreadybeenassignedo . Therefore,we
have .
In the rst assignmentwe seethat: 1. Thereis onevalue
( )in  thatistakenby two variablesn  andonein
2. Thereis onevalue( )in  thatistakenby onevariable
in andonein . 3. Thereis onevalue( ) in thatis
takenby onevariablein . Ontheotherhand,in thesecond
assignment:l. Thereis onevalue( ) in thatis taken
by two variablesin ~ andtwo variablesin . Il. Thereis
onevalue( )in thatis taken by onevariablein  and
onein . lll. Thereisonevalue( )in  thatis takenby

onevariablein ~ andonein . Lining up 1-I ( ,
), 2-11 (

. ), and 3-111 ( ,

),weseethat isstructurally(thatis modulo

applicationof somesymmetriesjan assignmenthat extends
, or, in otherwords,that ~ symmetricallydominates
accordingto De nition 3.
A lemmafrom [Sellmann& VanHentenryck2005 is es-
sentialfor performinga dominancecheckef ciently, like the
onethatwe just performedn anadhocmanner:

Lemma 1. Anassignment dominatesanotherassignment
in a piecavise symmetricCSPiff there existsa piecavise
permutation over suththat in dominates

in forall accomdingto De nition 4.

The lemmaallows us to ef ciently checkdominancebe-
tweenassignments and : We setup a bipartite graph
where, for eachvalue , thereis one nodeon the left and
one on the right. An edge connectstwo nodeswith as-
sociatedvalues and from the samevalue partition iff

. Then, dominates iff the bi-
partite graphcontainsa perfectmatching. Computationally
piecavise symmetricdominanceis therebynot harderthan
solvinga bipartitematchingproblem(seeFigurel).

To summarizedynamicSSBis a specialcaseof SBDD.
Before we expanda new search-nodeve rst checkif the
partialassignmenthatled usto the currentnodeis notdom-
inatedby ary partialassignmenthathasbeenfully explored
earlier SBDD ensuresthat thereis only a linear number
of dominancechecksneeded.SSB performsthe dominance
checksby computingthe signaturesof valuesunderthe par
tial assignmentsn question,setsup a bipartite graphand
prunesthe currentnodeif and only if a perfectmatching
canbefound. In [Sellmann& VanHentenryck2005 it was
shavn how dynamicSSBcanalsobe usedfor Itering pur-
posedn time , Where is the numberof
valuesand thenumberof variablesn thegivenCSP

3.2 Static Structural Symmetry Breaking

In [Fleneret al., 200G the signatureabstractionsof SSB
couldbe exploitedto devise a linear setof constraintavhich
provablyleavesoneandonly onesolutionin eachequivalence
classof solutions. Whenwe assume total orderingof vari-
ables andvalues , as
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Figurel: A bipartitegraphsetupto seeif thereexistsa per
mutation of valuesthat shavs dominancebetweentwo as-
signmentsaccordingto Lemmal. The Figuregivesthe sig-
naturesfor eachvalue, links pairs of valueswherethe one
in assignment dominatedo theonein , anda perfect
matchingthatprovesthat  dominates is designatedy
solidlines.

usual,we canbreakvariablesymmetrywithin eachvariable
componensimply by requiringthatlowerindexedvariables
take smalleror equalvalues. To breakthe value symmetry
simultaneouslywe resortto the signatureof valuesin com-
pleteassignmentsWithin eachvaluecomponentye require
that smallervalueshave lexicographicallygreateror equal
signatures.Thenthe problemboils down to computingthe
signatureof valuesef ciently. Fortunatelyin CPthisis an
easytaskwhenusingtheexistingglobalcardinalityconstraint
(GCC)which allows usto restrictandcounthow mary times
avalueis takenby a givensetof variableg Regin, 1994.
Formally, static SSB consistsin adding the following

static set of constraintsto a piecavise symmetric CSP

with
and :
1. for all ,
2. for
all ,

3. for all
where denoteshe numbers , denoteghe
index in of the rst variablein  of variablecomponent

, with ,and denotegheindexin of the
rst valuein  of valuecomponent , with .

That is, with the help of GCC, we countthe frequeny
of how of-
teneachvalue is takenunderassignment by variables
in eachvariable component For a solution , we de-
note by the signatureof  un-
der . For all consecutie values in the samevalue
componentye requirethattheir signaturesirelexicographi-
cally non-increasingi,e., . [Flener
etal., 2006 shovedthattheseconstraintdeave exactly one
representatie in eachclassof symmetricsolutions. Using
Regin's ltering algorithm for the GCC [Regin, 1994, I-
tering all static SSB constraintsdoesnot take longer than



, where is the numberof
valuesand the numberof variablesin the given CSP Note
thatthisis signi cantly fasterthanthetime for dynamicsym-
metrybreaking!

4 Model Restarts

As our review of dynamic and static structural symmetry
breakingexempli ed, static symmetry-breakingechniques
usuallyimposemuchlessoverhead poth regardingthe pro-
grammingburdenaswell asthe workload per choicepoint.
However, they suffer from one important dravback, and
thatis the factthat they are muchmore sensitve to search-
orderings.Bothin [Kiziltan, 2004 and[Smith, 2009 it has
beennotedthat static symmetry-breakingonstraintscause
greatvariancesn the expectedruntime. Knowing that static
symmetry-breakingconstraintswork by excluding all but
one representatie out of eachequialenceclass of solu-
tions, thisis hardly surprising:Whenthe symmetry-breaking
constraintsare not alignedwith the search-orderingsstatic
symmetry-breakingonstraintsmay interrupt the construc-
tion of mary perfectly good solutions,simply becausehey
are not the representaties we have chosen. Therefore,
in [Puget,2006 Pugetdevised semi-staticconstraintsthat
provably do not excludethe rst solutionof a searchwith-
out symmetry-breakingonstraints. Unfortunately no such
methodis known for the caseof piecavise symmetryyet.

Ontheotherhand whenusingstaticsearctorderingsthey
themseles are much lessrobust and perform with greatly
varying performanceon different probleminstances. The
guestionariseshow we can combinethe bene ts of being
ableto changethe searchorderingswhile using lean static
symmetrybreaking.

We exploit the ideaof randomizatiorandrestartd Gomes
etal., 1997; Kautz et al., 2003, which hasbeenshavn to
greatly improve the robustnesof systematicsearch: When
thesearchakestoolong (asdeterminedy exceedingagiven
fail-limit) we interruptour searchandtry againwith anup-
datedfail-limit [Kautzetal.,2003. To avoid thatwe conduct
the samesearchover and over again,a randomcomponent
is addedto the selectionheuristicsfor the branchingvariable
and/orthe branchingvalue. This methodmarksone of the
greatbreak-throughi thepast fteen years.It hashadapro-
foundimpacton the way how we conductsystematicsearch
today The methodhas been proven both experimentally
andtheoreticallyto eliminateheavry-tailed run-timedistribu-
tions[Gomesetal., 1997. Thelatterhave beenobseredto
occurfrequentlyin SAT andconstraintsatishctionproblems
wherethey cancause€'in nite” meanperformancgwhereby
in actualitythedistributionsareof courseruncatediueto the
nite charactenf concreteprobleminstancesyvhile the me-
dianruntimemay even be constant.Complementedby non-
chronologicabacktrackingandno-goodiearningtheideaof
randomizationand restartsmarks one of the backbonesof
modernsystematiSAT solvers.

In order to improve the robustnessof static symmetry
breaking,we thereforeproposeto exploit randomizatiorand
restarts. Note that, when posing static symmetrybreaking
constraintsthereis often a lot of freedomin how we deter
mine the representaties that we leave in eachequivalence
classof solutions(see,e.g.,[Smith,2009). In our casewith
respecto the orderingof variables we have the freedomto
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Figure2: The gures give meannumberof fails (log-scale)
on 20instance®f thebiasedgraph-colorindpenchmarkwith

(top) and (bottom). The cutoff wassetto one
hour.

choosethe orderingof variableswithin eachvariable parti-
tion. However, this choiceis hardly of any signi canceasthe
variablesareinterchangeablanyway. More importantis our
freedomto arbitrarily choosethe orderingof thevariablepar
titionswhich de nestheorderingwithin thevaluesignatures.

We startour searchand usethe staticvariableorderingas
inducedby the static symmetrybreakingconstraints. This
avoids clasheshetweenstatic SSB and the searchordering.
However, the particularsearchorderingwe choosemay not
be suitedwell for the concreteinstancewe needto solwe.
Consequentlywe interrupt our searchwhen a fail-limit is
reachedNow, we would like to choosea new andsomevhat
randomizedsearchordering, but if we do, thenit is likely
to clashwith our static constraints. Consequentlyrather
than updatingthe searchorderingonly, we also change the
underlyingCP model That s, at every restartwe do not
only changethe search-orderingsyut also the correspond-
ing staticsymmetry-breakingonstraints Thisway, we avoid
clasheshetweenthe search-orderingand static symmetry-
breaking constraints,and are still not boundto one static
search-orderingvhich may be badfor the given problemin-
stance We referto this simpleandeasyto useideaas“model
restarts.

5 Experimental Results

We experimenton the benchmarkintroducedin [Law et al.,
2007 thatconsistsof graphcoloring problemsover symmet-
ric graphs.Notethat,in graphcoloring, nodesthat have the
samesetof neighborsareinterchangeablandform a parti-
tion of piecaviseinterchangeableariablesn thecorrespond-
ing CSP. Furthermoreall colorsareinterchangeablgalues.
In [Law et al., 2007, randomizedgraphcoloring problems
aregeneratedvith eithera uniformor abiaseddistribution of



partitionsof interchangeablaodesin the graphs,anda pa-
rameter in uencesthe densityof the graphs. For detalils,
pleasesee[Law etal., 2007. For reasonof comparability
our experimentalset-upis the sameasin [Law et al., 2007.
Eachdatapoint we reportrepresentshe meanof runson 20
differentinstanceswith a cutoff of onehour For eachdata
point, at least90% of all runs nish within this time-frame.
For therestartednethodsfail-limits grow linearly as multi-
plesof 100. We alsousethe sameCSPmodelasin [Law
etal., 2007, wherebyit is worth notingthatthis modeldoes
notcontainary lowerboundsontheobjective functionwhich
shouldbe addedif onewasactuallyinterestedn solvingthe
benchmarkef ciently. However, for the sale of being able
to compareour resultswith thosepublishedin [Law et al.,
2007, we did notadda lower boundto the model.

In Figure 2, we study three different algorithmson the
biasedgraph-coloringbenchmark: static SSB in combina-
tion with a min-domainheuristic(sSSB-gcc-md)staticSSB
in combinationwith a correspondingtaticvariableordering
(sSSB-gcc-stiandstaticSSBwith modelrestart{sSSB-gcc-
res),wherethe orderingof variablepartitionsis permutedat
every modelrestartwith a biasto placelarger partitionsear
lier in the ordering. The gure shows the averagenumberof
failures,but sincethe time per choicepoint for all variants
is practicallythe same we getthe exact samepicturewhen
comparingrunning times (for the actual runtime of sSSB-
gcc-res,comparewith Figure 3). We can seeclearly that
sSSB-gcc-m@andsSSB-gec-sarebothnotrobustatall. The
curvesarehighly erratic. Thereasonwhy sSSB-gcc-sshavs
sucha high variancein solutiontime is thatthe staticorder
ing thatis choseris goodfor someinstancegndbadfor oth-
ers. Dynamicvariableorderingdik e the min-domainheuris-
tic usuallyleadto muchmorerobustperformanceHowever,
in the caseof symmetricproblems,the dynamicorderings
may clashwith thestaticconstraintsandsSSB-gcc-mds not
performingconsistentlywell either On the otherhand,we
can seeclearly how modelrestartsgreatly improve the ro-
bustnesssSSB-gcc-rebeharesmuchmore predictably and
while it losesagainstthe othervariantswherethesehappen
to work ne, asthe instancesbecomelarger and harderto
solve, we obsere large bene ts whenusingthe morerobust
method.

Our next experimentregardsa different variant of static
SSB that was introducedin [Law et al., 2007]. This vari-
antleavesthe samerepresentatiesin eachequivalenceclass
asthe symmetry-breakingonstraintghat we reviewed ear
lier, but in a way that promisesgreater Itering power. As
it is basedon regular constraints,we refer to this version
assSSB-rg. After comparingthe nev decompositiorwith
the [Fleneret al., 2006 variantof static SSB on the graph
coloring benchmarkto which we referto assSSB-gcc)the
conclusionin [Law et al., 2007 wasthatsSSB-rg worked
ordersof magnitudefasterthansSSB-gcc.However, in this
work it wasonly investigatechow a differentorderingof the
variablepartitionsfor thevalue-signatureaffectssolutionef-
ciency, while thealgorithmstestedall usedthe min-domain
criterionasbranchingvariableselector However, aswe just
shawved, static SSBworks bestin combinationwith a static
variableordering.

In Figure 3 we comparerestartedstatic SSB basedon
GCC constraintsSSB-gcc-resyith the static SSBvariant

basedon regular constraintghat wasintroducedin [Law et
al., 2007 (with min-domainheuristic,sSSB-rg-md). The
rst algorithm was run on an AMD-Athlon 64-X2 3800+
(2.0GHz),the latterwasrun on a SunBlade 2500(1.6GHz)
andthe curve shavn is an adaptatiorof thatshavn in [Law
etal., 2007. Basedon the datagivenin that paper we can
infer that their machinecan processabout20K failuresper
secondvhenrunningsSSB-gcc-mdwhile we measure@0K
failuresper secondon our architecturgor the samemethod.
We concludethatour machineworksaboutafactorl.5faster
andthusdividedthe data-pointaunderlyingthe curve shavn
in [Law et al., 2007 by that factorto make the comparison
fair.

We seethat the restartedmethodworks equally robust as
sSSB-rg-md, but roughly one order of magnitudefaster
While the motivation for the new decompositiorin [Law et
al., 2007 wasto eliminatethe useof “global cardinalitycon-
straintswhich canbe expensve to propagaté, we nd that
sSSB-gc@ctuallyincursmuchlessoverheaderchoicepoint
thansSSB-rg. As a matterof fact, sSSSB-gcovisits about
two ordersof magnitudemore choicepointsthansSSB-rg:
In [Law et al., 2007 it is reportedthat sSSSB-rg visits less
than100choicepointson the biasednstancegwhich makes
it highly unlikely that restartswill leadto ary further im-
provements)andthe numberof failuresof sSSSB-gcc-ress
shavn in Figure2. ThisimpliesthatsSSB-gcavorksalmost
threeordersof magnitudeasteperchoicepoint! It is this ef-
ciency which givesthe simple sSSB-gcc-re¢he advantage
overthemuchmoreeffective ltering of SSSB-rg-md.

Finally, considerthe curve denotedwith sSSB-gcc-tradres
which shavs the performanceof a traditionalrestartstratey
wherethe modelis staticwhile the searchorderingsareran-
domized.As we cansee traditionalrestartshelpto make the
methodmorerobust, but the performancas muchimproved
(roughly by anorderof magnitude whenboth searchorder
ingsandsymmetry-breakingonstraintsarebeingalignedbe-
tweenrestarts.

6 Static vs. Dynamic Symmetry Breaking

In our nal section,we provide the rst ever comparisorof
staticanddynamicSSB.Considerrigure3 again. Thecurve
denotedwith dSSB-mddenotesdynamic SSBin combina-
tion with the min-domainheuristic. As the theoreticalrun-
time comparisorof dSSBandsSSBin Section2 alreadysug-
gestedwe nd thatthedynamicvariantcannotcompetewith
thestaticmethodsdespiteourgreateffortsto tunethemethod
as bestas possibleusing the heuristicimprovementsintro-
ducedin [Heller & Sellmann2004.

We were curiousif this would also hold for othertypes
of problems. We introducea randombenchmarkgenera-
tor which producepiecavise symmetricCSPswith different
characteristicsGivena numberof variables andvalues
aswell asthe numberof variablesperconstraint andthe
numberof valuesperconstraint , wegenerat@agivennum-
berof globalcardinalityconstraint§ GCC),eachover a setof

randomlychoservariablesand  randomlychosenval-
ues,wherebywe enforcethat all variablesin the constraint
togethertake eachchosenvalue exactly once. We vary this
basicconceptby eitheraddingonemore GCC over all vari-
ablesand valuesthat enforcesthat eachvalue be chosenat
most2 times,or by addingan AlIDif ferentconstraintoverall
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Figure3: Meantime (secondslog-scale)on 20 instance®f the uniform (top) andbiased(bottom)graph-coloringoenchmarkwith

(left) and (right).

variablesandvalues.Note how every constraintin the prob-
lem partitionsboth the setof variablesandthe setof values
in thosethat areinvolved in the constraint(all of themare
treatedequally by the constraint),andthosethatarenot. In

the end,we know thatall variables(andvalues)that always

appeartogetherin the sameconstraintsare interchangeable.

In particular we considemproblemswith ve constraint§one
globaloverall variablesandvalues plusfour other),with 15
variablesandvalues.The numberof variablesper constraint
is x edat 12 while the numberof valuesper constraintruns
from 2 to 12, thusgiving usarangeof differentlyconstrained
instances.

In Figure 4 we comparethree different algorithms on
this new benchmark:dynamicSSBthat usesa min-domain
heuristicto choosethe branchingvariable(dSSB-md) static
SSB with the min-domainheuristic (sSSB-md),and static
symmetry breakingwith a static variable ordering that is
in accordanceo the static symmetry-breakingconstraints
(sSSB-st).As for the graphcoloringbenchmarkwe obsene
that static SSB can lead to ordersof magnitudespeed-ups
overdynamicSSB,especiallyin thecritically constrainede-
gion. The moreerraticcurve of sSSSB-mdagainresultsfrom
a much higher variancein running time that is causedby
the combinationof staticsymmetrybreakingwith a dynamic
variableordering.

7 Conclusions

We implementedstatic and dynamic structural symmetry
breaking(SSB)andtestedt on anexisting aswell asanovel
benchmarksetfor CSPswith interchangeableariablesand
values.In orderto improve therobustnes®f staticsymmetry
breaking,we introducedthe ideaof modelrestartsvherewe
resetthe staticsymmetry-breakingonstraintdn accordance
to a new variableordering. When comparingwith a differ-

ent variant of static SSBintroducedin [Law et al., 2007,
we foundthatthe latter methodis ableto reducethe number
of choicepoints signi cantly. However, the decomposition
thatwasintroducedn [Fleneretal., 2004 is still anorderof
magnitudeaster andin combinatiorwith modelrestartst is
equallyrobustasthe methodfrom [Law etal., 2007. When
comparingdynamicandstaticSSB,we foundthatthe ability
of dynamicSSBto accommodatdynamicbranchingvariable
selectiondoesnot counterbalanceits muchlarger costsper
choicepoint. StaticSSBoutperformslynamicSSBby orders
of magnitude.Futureresearctregardsthe questionwhether
model restartscan be helpful in other domainsaswell, for
examplewhena given problemcanbe modeledin different
waysby anautomaticmodellingtool.
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